Here, we will analyse that a fermion in a plane wave background, typically
used to model lasers, presents similar equations compared to Very Special Rela-
tivity (VSR), which is a model to describe the existence of neutrino mass is we
assume that the nature symmetry is not Lorentz, but a subgroup of it, usually
SIM(2) [1]. This similitude has been described for example in a work of A.
Ilderton [2].

Let us start with the typical Dirac equation for an electron with mass M in
an external electromagnetic field:

[(i) — eAd) — M] =0 (1)
and we will consider that the external field is a plane wave. Hence,
4, = Au(k- )

Acting with the operator [(uﬂ — eA) + M] in the left, using the anticommu-
tation relation of the gamma matrices

v
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we have that
[—0% —iey"y" (0,A,) — 2ieA - 0 + A% — M?|¢p =0 (2)

and since A, = A, (k - ), therefore, 0,A, = A} k,, where the prime stands
for a derivative respect to A. Hence,

[—62 —ief A —2ieA -+ 2 A2 — M2| =0 (3)

Using as ansatz ‘
= ek - ) (4)
and that k? = 0 since it is a electromagnetic wave-vector, and p? = M? for
a fermion, we have

2ik - pg' (k- x) — ek A g(k - 2) — 2eA - pg(k - ) — 2ieA - kg (k - z) + 2 A%g(k - z)
If A satisfies the Lorenz gauge k- A = 0:
2ik - pg/ () + [~iekd —2eA p+ A% glk-2) = 0 (6)

Arranging:

g(k-x)=

T [i(62A2 ~2eA-p)+ e%éq gk - ) (7)

Equation (7) is of the kind ¢'(¢) = R(¢)g(¢) with solution

g(p) = crexp [ /O ’ dwR(w)} (8)

=0 (5)



(More precisely for our case: ¢'(p) = S’(¢)g(p) and the solution here is
9(p) = caexp[S(¥)]). Using it, we have

Z/Om . <62A22; ?;A ~p> +€2i4p‘| (9)
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g(k-x)=Cexp

Notice that

exp{e%.p e2k.p+e 4(k-p)2+”'+ (10)

Using the anticommutation relation of the gamma matrices, that k- A =0
since we assume that the field satisfies the Lorenz gauge, and f§ = k? = 0 we
have that the higher powers vanishes and we are left with

IZ FA

exp {62k~p _1+672k‘-p (11)

Hence,

A [T e?A? —2eA-p
cx) = 1 _— 12
gk - x) C’( +62k-p exp Z/o dg % p (12)
It allows us to define the state v as

¥ = exp[—iSy(2)|Tp(k - z)uyp (13)

where

ke /9eA.p—e2A2?

Sp(z) = p~x+/0 dg (M) (14)

Iy(k-z) = (1—}-62}‘319) (15)

Considering the possibility to start with p with opposite sign in our ansatz,
the most general way to write the state is

W = exp[—iSy(2)|Tp(k - )up s + exp[—iS_p(x)]T_p(k - 2)vp s (16)

where we observe that if A — 0: ¢ = e_ip"”up,s + e"p'“'vpﬁs, which is the free
solution. This solution has been known for long time, from 1935, due to Volkov
[3].

We come back to the Dirac equation (1) and we use 9 explicitly as in equation
(13) and after some algebra we have

(i7" 0 + 7" 0uSp(w) — e Ay = My (k- )iy, s] = 0 (17)
We use that
d " db da @ 5
dx o(z) fla,t)dt = f(x, b(:ﬂ))% — f(z, a(x))% + /a(w) %f(x,t)dt (18)



to obtain

k-x 2 A2 2 A2
B _[(2eA-p—e“A B 2¢eA-p—e“A
ausp(fﬂ) =0y <P‘9E+/0 de <2kp>) p“+<2k"p) Ky

(19)
With this,
ik (k- x) + (¢ —m) Tp(k-2) =0 (20)
where we have defined the momentum
2eA - p — e? A2
qu = Pp — BA# + <2kp> k# (21)
Deriving I',, we have
KA, (k- 2)
Therefore,
%F;(k; cx) =0 (23)
Hence,
(¢ —m) p(k-z) =0 (24)
Now averaging the momentum g,:
(e?A?) Ky
=D, — — 2
(qu) = Pu 2 k-p (25)

where we are considering that in average only the amplitude of A (i.e. A2)
is constant. Any other term containing A vanishes in average. Then, averaging
¢ in (16), we get

() = (exp[=iSp (@)L (K - 2))up s + {exp[=iS—p ()T (k- 2))vps  (26)

In parallel,

(exp[—iS,(@)]Ty (k- )) = exp l—i <p o [Tap (z,iA;))] (21)

Since we are considering (A2) constant, we take it out of the integral and

/0 i (e;i/?) ~ e;if?k @ (28)

Therefore,

(exp[—iS,y (2)]T,(k - x)) ~ exp [—i <p - <§Zf1;> k) 4 _ il (99)



Hence, 4 ,
() = 1O Tuy 1 DT, (30)

With this, we average in equation (1) and we have

62 2
p- L w =) (31)

After a long computation we can show that

k<A2> —1 T
6<A’[b> = _€2m€ (@) Up,s (32)
Hence,
[p—M] (W) =0 (33)
Notice that this description is equivalent to start from an equation
L (e2A%) K
_ - M = 4
o - il s |y =0 (34)
for the average fermion field.
If we define e (¢2A2?) = —m? we have
m2 ¥
. U Y _
[zé)Jer 9 ](1/1) 0 (35)

which corresponds to the fermionic VSR equation, as we can see as example
in equation (7) of a previous work [4].
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