
1 Bose-Einstein condensation and Statistical me-
chanics

We start defining the partition function in the grand-canonical ensemble:

Z =
∏
i

∞∑
ni=0

e−β(εi−µ)ni (1)

where µ is the chemical potential and β = 1
kBT . Also, εi is the energy of the

state i and ni the number of particles in that state. The sum over ni shows the
possible combinations of number in every state i. With them, we can define the
total energy and the total number of particles with E =

∑
i

εini and N =
∑
i

ni.

Now, we can define the partition function of a particular state Zi as

Zi =

∞∑
ni=0

e−β(εi−µ)ni =

∞∑
ni=0

(e−β(εi−µ))ni (2)

Notice that the sum converges only if e−β(εi−µ) < 1. It implies that εi − µ > 0
for any energy εi. Thus, the chemical potential is bounded by the energy of the
states. As the ground state ε0 is the smallest energy, the chemical potential µ
should be smaller than the ground state energy. This fact is important for the
physics of the system. Let us to analise implications of this fact.

Considering this condition for the chemical potential, we use the geometric
serie to get

Zi =
1

1− e−β(εi−µ)
(3)

We can get the number of particles in the state i using that ni =
1
β

1
Zi

∂Zi

∂µ .
Hence,

ni =
1

eβ(εi−µ) − 1
(4)

and the total number of particles is

N =

∞∑
i=0

ni =

∞∑
i=0

1

eβ(εi−µ) − 1
(5)

We will set apart the ground state i = 0:

N =
1

eβ(ε0−µ) − 1
+

∞∑
i=1

1

eβ(εi−µ) − 1
(6)

We will call N0 = 1
eβ(ε0−µ)−1

. Notice that when µ → ε0 we can expand in
series and to get

N0 ≈ 1

β(ε0 − µ)
(7)
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We observe that when the chemical potential approaches to the ground state
energy, the number of particles in this state is big.

If we go to the particles out of the ground state, since µ < ε0, we have that

∞∑
i=1

1

eβ(εi−µ) − 1
<

∞∑
i=1

1

eβ(εi−ε0) − 1
(8)

It means that there is a limit for the number of particles in the higher energy
states.

We will compute the total number of particles. For this, we will work in a
thermodynamical limit, where the number of particles and the volume are big
enough. In this limit, we will approximate the sum with an integral:

∞∑
i=0

→
∫

d3l (9)

where l is a quantum number that defines the state.
First we will analyse free bosons. For this, we will take as our volume a

square box of lenght L. The quantum state for a free particle in this box is
given by

ε =
h̄2k2

2m
(10)

where the momentum component is given by ki =
2πli
L . In this case, we have that

the minimum energy (ground state) corresponds to take k = 0. Furthermore,
we can write a differential of l in terms of k as dli =

Ldki

2π . Hence, d3l = V
(2π)3 d

3k

and using spherical coordinates, the sum becomes

∞∑
i=0

→ 4πV

(2π)3

∫ ∞

0

k2dk (11)

We can write this integral in terms of the energy rather than in terms of the
momentum. Thus,

∞∑
i=0

→ V

4π2

(
2m

h̄2

) 3
2
∫ ∞

0

√
εdε (12)

Notice that for k = 0 or ε = 0 the integral vanishes. However, from (??) we
know that the ground state could get a considerable number of particles, so, we
have to add by hand N0 in the computation when we use the integral. Thus,
the approximated number of particles are:

N ≈ N0 +
V

4π2

(
2m

h̄2

) 3
2
∫ ∞

0

dε

√
ε

eβ(ε−µ) − 1
(13)

We will examine the limit µ → ε0. For this case, we have set ε0 = 0. Therefore,
doing the integration in this limit we get

N0

N
≃ 1−

(
T

Tc

) 3
2

(14)
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where we have defined

Tc =

(
N

ζ
(
3
2

)
V

) 2
3 (

2πh̄2

mkB

)
(15)

Let us to consider the particle in presence of harmonic potential. In this
case, the energy is known:

ε =

(
lx + ly + lz +

3

2

)
h̄ω (16)

We can write l = lx + ly + lz and in spherical coordinates d3l = l2dldΩ =
(ε−ε0)

2

(h̄ω)3 dεdΩ, where we have written ε0 = (3/2)h̄ω and dΩ is the angular part.

Therefore, passing from sum to integral

∞∑
i=0

→ 4π

(h̄ω)3

∫ ∞

ε0

(ε− ε0)
2dε (17)

As before, when the energy is in the ground state the integral vanishes, so
we have to introduce the term N0 in the number of particles. Hence,

N ≈ N0 +
4π

(h̄ω)3

∫ ∞

ε0

dε
(ε− ε0)

2

eβ(ε−µ) − 1
(18)

We do a change of variables ε̄ = ε− µ to have

N ≈ N0 +
4π

(h̄ω)3

∫ ∞

ε0−µ

dε̄
(ε̄+ µ− ε0)

2

eβε̄ − 1
(19)

As in the free case, we are interested in the limit when µ → ε0. Therefore,
we can approximate the integral to

N ≈ N0 +
4π

(h̄ω)3

∫ ∞

0

dε̄
ε̄2

eβε̄ − 1
(20)

Integrating we get

N0

N
≃ 1−

(
T

Tc

)3

(21)

where in this case the critical temperature is defined as

Tc =

(
N

8πζ(3)

) 1
3 h̄ω

kB
(22)

Notice that as in the free case as in the harmonical potential we had some-
thing like

N = N0 + α

∫ ∞

0

dε
ετ

eβε − 1
(23)
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where τ is an index depending on the case, here we had τ = 1
2 in the free

case and τ = 2 for the harmonical potential. We called α the constants that
appeared in the construction of the density of states, which also depends on the
case. It is important that τ > 0 to have a convergent integral. Making a direct
integration and arranging we have that

N0

N
= 1−

(
T

Tc

)1+τ

(24)

where the critical temperature in this case is given by

Tc =

(
N

αΓ(1 + τ)ζ(1 + τ)

) 1
1+τ

(25)
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